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AM-act —A uuified variational expression is presented for the line

capacitance of a generaf, mukilayer anisotropic structure. The propagation
characteristics of a variety of stripfines, microstripfines, and coplanar
strips, in isolated and coupled conflgnrations, with anisotropic substrates
having opticaf axis aligned afong the axis of the substrate, are computed.

The characteristics of these structures with anisotropic substrates having

tilted optical axis are also studied. Using the formulas presented, the stndy

of strnctnres with anisotropic substrates having afigned or tilted optical

axis, for various applications including MIC, electrooptic modulator, and
SAW IDT, reduces to the determination of a single admittance parameter.
This parameter can be obtained from the transmission-line equivalent
circuit of the structure ahnost by inspection.

I. INTRODUCTION

T HE MOST COMMONLY used planar transmission

lines for MIC application are i) single conductor

transmission line (Fig. l(a)), ii) edge-coupled transmission

line (Fig. l(b)), iii) broadside-coupled transmission line

(Fig. l(c)), and iv) broadside, edge-coupled transmission

line (Fig. l(d)). The conventional stripline and microstrip-

line, in isolated and coupled configurations, on isotropic

substrates have been extensively analyzed [1]. The isotropic

substrates commonly used are RT duroid, alumina, and

fused quartz. Some anisotropic substrates, e.g., sapphire

and pyrolytic boron nitride, have certain advantages over

ceramics, which include lower losses, higher homogeneity,

and lower variations of electrical properties from specimen

to specimen [2]–[3]. The analysis of conventional stripline

and microstripline, in isolated and coupled configurations,

with uniaxial anisotropic substrates, are reported in several

papers [4]–[5]. Recently, the propagation characteristics of

isolated stripline and edge-coupled microstripline with

anisotropic substrates having tilted optical axis have been

reported [6]–[7]. It has been shown that by varying the

angle of tilt, the even- and odd-mode phase velocities in the

case of edge-coupled microstriplines can be equalized.

There are several other strip and microstrip-like trans-

mission lines reported in the literature, namely, suspended
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(a) (b)

Fig. 1. A schematic of (a) single conductor transmission line, (b) edge-
coupled transmission line, (c) broadside-coupled transmission line, and

(d) broadside, edge-coupled transmission line.

stripline, stripline-like microstrip, double-layer microstrip,

suspended microstrip, microstrip with overlay, and in-

verted microstrip, which offer specific advantages over

the conventional strip and microstriplines. Except for the

inverted microstrip and suspended microstrip [8]–[9], the

study of the propagation parameters of these transmission

lines, in isolated and coupled configurations, has been

confined only to the isotropic dielectric case. Further, the

analysis of various strip and microstrip-like transmission

lines with anisotropic substrates having tilted optical axis

has not been attempted so far.

A typical surface acoustic-wave (SAW) device uses an

interdigital transducer deposited on nonpiezoelectric sub-

strate. A thin film of piezoelectric material is placed on top

of the transducer in good acoustic contact with it, and a

metal film may be deposited on top of the piezoelectric

film. Typical examples of the materials which are used are

Zno, Cds, or LiNbo~ for the piezoelectric layer and Si,

sapphire, and fused silica for the nonpiezoelectric sub-

strate. Most of these materials exhibit anisotropic behavior.

Following certain assumptions [10], the determination of

the static capacitance of a surface acoustic-wave interdig-
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Fig. 2, A schematic of (a) coplanar strip transmission line, (b) broad-

side-coupled strip transmission line, and (c) coupled coplanar strip
transmission line.

ital transducer reduces to the determination of capacitance

of a pair of coplanar strips embedded in multilayer iso/an-

isotropic dielectrics (Fig. 2(a)). Besides SAW devices, the

coplanar strips embedded in multilayer iso/anisotropic

dielectrics find application in MIC and electrooptic modu-

lators [11]–[12]. The analysis of coplanar structures for

SAW i~terdigital transducer applications has been reported

by Kino et al. [13] and Venema et al. [10]. The quasi-static

analysis of coplanar strips embedded in anisotropic dielec-

trics, for electrooptic modulator application, has been re-

ported by Yamasl-jta et al. [12]. In these papers, the

conventional method of determining the potential function

by matching the boundary conditions at various dielectric

interfaces is used, which becomes increasingly complicated

as the number of dielectric layers increase.

The broadside strips and coupled coplanar strips em-

bedded in multilayer anisotropic dielectrics are shown in

Figs. 2(b) and (c), respectively. These structures should

find application in MIC filters and directional couplers.

The analysis and design data on these transmission lines

with iso/anisotropic substrates are not reported in the

open literature.

This paper presents a simple unified variational expres-

sion for the line capacitance of a general, multilayer aniso-

tropic structure. To use this unified variational expression

for determining the line capacitance of various structures

with anisotropic substrates having aligned/tilted optical

axis, for MIC electrooptic modulator, and SAW IDT appli-

cations, it is only necessary to determine the admittance

parameter for the particular structure. This admittance

parameter can be obtained from the transmission-line

equivalent circuit almost by inspection.

H. ANALYSIS

For generality of analysis, using electric and magnetic

walls at the planes of symmetry, the transmission lines

shown in Figs. 1 and 2 can be represented by a single
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Fig. 3. Cross section of multilayer anisotropic offset single conductor

structure.

structure with multilayer dielectrics as shown in Fig. 3. We

consider the mode of propagation to be quasi-static. The

line capacitance of this structure with anisotropic dielectric

substrates can be determined using the variational expres-

sion in the space domain [14].

[ (f(+d’

// G(x~,/xo.~o)f(x)f(xo)d xdxo
S1 s,

Here, f(x) is the charge distribution on the conductor strip

S1, and G(x, yO/xO, yO) is the Green’s function at the

charge plane y = yO. This Green’s function satisfies the

Poisson’s differential equation in the anisotropic media

V[CZ” VG]=–8(X –XO)8(Y– YO). (2)

8(x – XO) and 8( y – yO) are the Dirac’s delta functions

and c, is the permittivit y tensor of the i th anisotropic

dielectric substrate. Determination of the Green’s function

at the charge plane depends on the type of boundary walls

at x = O, x = c, y = O, “and y = d, and also the permittivity

tensor c, of the dielectric substrate. Three different types of

permittivity tensors of the dielectric media are considered

here.

Case 1

c, = co (3)

The Poisson’s equation (2) for this type of dielectric aniso-

tropy can be written as

d2G ~ ~ d2G +(x-x o)a(y-y o).‘x’6’X2
(4)

‘1 i?y’ =
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Fig. 4. Transmission-line equivalent of multilayer anisotropic offset

single conductor structure.

For the structure under consideration, the Green’s function

can be expressed as the sum of the product of elementary

functions with separated variables

G=~G.(x)G. (Y). (5)
n

In order to satisfy the boundary conditions on the vertical

side walls of the structure shown in Fig. 3, the expression

for G.(x) can be written as

G.(x) =sin(a.x) (6a)

where
n77 ~=l,z,... for electric wall at x = c
c’

an= (2n+-l)m, n=Ol

2C
3>”” . for magnetic wall at x = c

(6b)

Substituting (5) and (6) into (4) and using the orthogonal-

it y property of sin ( n Tx/c) and sin ((2n +1) 7rx/2 c) in the

interval (O, c), we get

—— –&il(y-yo )sin(a.xo). (7)
cccl~)rl

The Green’s function G and, hence, G.(y) should satisfy

the following boundary conditions:

G(x, d,– O)= G(x, d,+O) (8a)

i=l, . . oN–1 (8b)

Consider a transmission line extending along the y-direc-

tion with a current source Is at y = y. (Fig. 4). If the

transmission line consists of N number of sections cascaded

together ( YC,( = t:) and yi being the characteristic admit-
tance and propagation constant of the i th section, respec-

tively), the differential equation satisfied by the voltage

along the line is given by

[& Y,]v=-(#j@(Y-Yo,. (9,

The continuity conditions at the interfaces between two

and

Yl=%fi Yc=fo= (llb)

Since voltage on the transmission line at the charge

plane y = y, is given by V= 1, / Y, Y= Y+ + Y_ being the

admittance at the charge plane, we obtain from (5), (6),

and (11)

‘Sin(%)sin(%’)G(x, yo/xo, ye)(:)= ~ nmy

()even

n odd

(12)

where n even excludes the value n = O. The subscripts e and

m refer to the electric wall and magnetic wall at x = c,

respectively. Substituting (12) into (1) and assuming a

suitable charge distribution ~(x) on the strip conductor

[15], we get, after performing the required integration

[ 1
2

1+0.25A(e)
c(e)=

m

(13a)
m

x (%+ ~(@fn)2%/Y

where

()even
n odd

Ln = sin (~Hw/2) sin ( ~. (2c – 2S – W)/2)

& = n7r/2c (13b)

kf~ = (2/&w)3 sin (P.(2c – 2s – ~)/2)

~[3((B.~/2)2 -2}

x Cos ( p,lw/2) + ( Bnw\2)

. ((/3JV/2)2 -6) sin(pnw/2)+6] (13c)

P.= (4/n 77)(2/&w)2 (13d)

~ (Ln -4M.)LnPn/Y
{ even)

A(e)=–
‘~ odd)

(13e)
m

E (Ln-4Mn)MnPJY’

()even
n odd

The charge distribution constants A, and Am [15] given

by (13e) have been obtained by maximizing the line capaci-

tances C, and Cm, respectively (i.e., by setting ( ~C./ 8Ae)

= O and ( dC~ /dA~ ) = O). These constants are, therefore,

named as optimum charge distribution constants.

The only unknown parameter in the above expression is

the admittance Y at the charge plane. This parameter can
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be obtained from the transmission-line equivalent circuit

shown in Fig. 4. The admittance parameter depends on the

characteristic admittance l’C and propagation constant y of

each section of the transmission line and the type of

boundary walls at y = O and y = d [16]. For the permittivity

tensor of the dielectric substrate given by (3), the character-

istic admittances and the propagation constants are given

by (Ilb) with an replaced by F..

Case 2

Ic, = co C*YZ ~yyz Io. (14)

o 0 6ZZZ

Using the approach presented in [17], it can be shown

that the capacitance expression (13) is still valid with a

modified admittance parameter, which can be obtained

from the transmission-line equivalent circuit shown in Fig.

4. For the permittivity tensor of the dielectric substrates

given by (14), the characteristic admittances and propaga-

tion constants of each section of the transmission line in

the equivalent circuit turn out to be

i=l, . . . N. (15)

Case 3

[1

<Cl 00

61=60 o Cql o . [16)

o 0 6=,

tfl and Cn, are the principal axes relative dielectric con-

stants of the i th anisotropic dielectric substrate. .$– q coor-

dinate system is obtained by rotating x – y coordinate

system by an angle 6’ in the counterclock wise direction.

The tensor for the x – y – z coordinate system can be ob-

tained by rotating the principal axes of the i th anisotropic

dielectric substrate by an angle 6,. Using this coordinate

transformation, we have

[

cf,cos28, +c~,sin213,

ei = to – (66, – 67, )sin Olcos Oz

o

The permittivity tensor given by (17) is similar to the

tensor given by (14). Therefore, the capacitance expression

(13) is still valid with a modified admittance expression,

which can be obtained from the transmission-line equiva-

lent circuit shown in Fig. 4. The characteristic admittance

and the propagation constant of each section of the trans-

mission line in the equivalent circuit are obtained by

comparing (14) and (17) and using (15). These expressions

turn out to be

G
Yc, =e; =606 E

[1Y,= +x [((’#’J-qcos2d1 +1]-’8.>
i=l, . . . , N. (18)

111. COMPUTED RESULTS

The propagation parameters (namely, the characteristic

impedance, effective dielectric constant, and phase velocity

of a variety of planar transmission lines) can be computed

by combining (13) with the standard formulas [14]. To

compute the line capacitance, the admittance expressions

are obtained from the transmission-line equivalent circuit

by using appropriate expressions for YC, and y,, depending

on the type of dielectric anisotropy. In all the computa-

tions, the thickness of the strip conductor is assumed to be

zero. Fig. 5(a) shows the variations of characteristic imped-

ance Z and effective dielectric constant Ceffas a function of

the angle of tilt O for symmetric stripline (d/b = O) and

offset stripline (d/b = 0.2). Similar variations for sus-

pended stripline are shown in Fig. 5(b). As O increases, Z

decreases and c~ff increases for both the symmetric stripline

and the offset stripline. On the other hand, for the sus-

pended stripline, Z increases and t-eff decreases with an

increase in 8. In Fig. 6, the dotted lines show the variations

of Z and C,ff as a function of Cfl with f~l = 3.78 for

double-layer rnicrostrip. On the same graph, the solid lines
show the variations of Z and C,ff as a function of Ct2 with

ev2 = 3.78. In both the cases, the principal axes are as-

sumed to be aligned with the axes of the substrate, i.e.,
8 = O. For a fixed value of (*2, c~z, and c~l, there is

negligible change in Z and c~ff as Cfl is increased. This

indicates that most of the electric field is in the y-direction

in the lower dielectric. For a fixed value of Cfl, c~1, and c~z,

Z decreases and C.ff increases with an increase in C(2.

The variations of the even- and odd-mode impedances

(2.,, ZOO) and phase velocity ratio ( VO,/OOO)as a function

of the angle of tilt 6 for symmetric edge-coupled stripline

(d/b = O) and offset edge-coupled stripline (d/b= 0.2)

are illustrated in Fig. 7. The even- and odd-modes refer to

a magnetic and electric wall at x = c/2, respectively. It is

observed that in both these cases, the phase velocities can

be equalized by varying the angle of tilt 6. The variations

of vO,/vOO as a function of the anisotrop y ratio CC/c~ with

the angle of tilt 6’ as a parameter are plotted in Fig. 8 for

the edge-coupled microstrip. The anisotrop y ratio t-g/c ~ is

normalized with en = 3.78. It is observed that the two phase

velocities can be equalized by a suitable choice of the angle

of tilt 6 and the anisotropy ratio C,./Cv.

Fig. 9(a) illustrates the variations of the even- and odd-

mode impedances ( ZO=, ZOO) and the effective dielectric
constants (cOe, COO) as a function of the angle of tilt f?, for

the broadside-coupled stripline. The even- and odd-modes

refer to a magnetic and electric wall at y = b/2, respec-

tively. As 0 increases, both ZO, and ZOOdecrease, whereas

c., and COOincrease. It is observed that the effective dielec-

tric constants and, hence, the phase velocities can be
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equalized by varying the angle of tilt 0. Fig. 9(b) illustrates

the variations of ZOe, ZOO,CO,, and COOas a function of the

angle of tilt O for the broadside-coupled microstrip with
inverted dielectric. It is observed that ZO, and c~0 increase,
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whereas ZOO and CO. decrease as 8 is increased. Therefore,

the phase velocity ratio increases as O increases. This large

phase velocity ratio should be useful in designing high-

directivity forward-wave directional couplers [18].
The variations of even–even, odd–even, even–odd,

and odd–odd mode impedances ( Zee, ZO,, Z,O, ZOO) and

the corresponding effective dielectric constants

(~ee, ~oe, ~eo$ foc ) as a function of anisotrop y ratio 6$/EV

normalized w~th Cq= 3.78 are plotted in Fig. 10 for broad-

side, edge-coupled microstrip. The substrates are assumed

to have the principal axes aligned with the axes of the

substrate, i.e., O = O. The even–even, odd–even, even–odd,

and odd–odd modes refer to magnetic walls at x = c/2

and y = b/2, electric wall at x = c/2 and magnetic wall

Y = b/2, magnetic wall at x = c/2 and electric wall at

Y = b/2, and electric walls at x = c/2 and y = b/2, respec-
tively. It is observed from Fig. 10 that all the four imped-
ances decrease, whereas the effective dielectric constants

increase as cc/67 increases. It may be noted that while

using (13) for edge-coupled and broadside edge-coupled

structures, c is to be replaced by c/2 ands by s/2.

The interelectrode capacitances of a coplanar structure

for electrooptic modulator applications are plotted in Fig.

11 as a function of the electrode spacings, for a fixed value

of electrode width w. Superimposed on this graph is the

variation of capacitance as a function of w, for a fixed

value of s. The substrate considered is LiNbo3 having

principal axes aligned with the axes of the substrate. For a

fixed value of b = 2 mm, w =s =40 pm, the capacitance
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obtained using the present theory is 2.4 PF/cm. This is in

good agreement with the value reported (2.44 PF/cm) by

Yamashita et al. [12].
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The static capacitances of a typical Cds-Sioz-Si SAW

structure as a function of the normalized height of the Cds

layer are plotted in Fig. 12 using the uniform charge

distribution (A= O in our theory) and also the optimum

charge distribttticm [5], [14]. The normalizing factor is

K = 2w/L. The capacitance values obtained using the opti-

mum charge distribution are higher than those obtained

with the uniform charge distribution. Since the capacitance

expression (13) is variational, a charge distribution which

maximizes the line capacitance yields more accurate results

than the uniform charge distribution.

The analysis and numerical results presented in [10] use

the uniform charge distribution on the electrodes. Fig. 13

ilhtstrates the variations of the capacitance of Cds–SiOz –Si

SAW stmcture as a function of the normalized height of

the Cds layer with d/L as a parameter. The normalizing

factor K = 2n/L. These capacitance values are computed

using the optimum charge distribution.

IV. CONCLUSIONS

A unified variational expression for determining the line

capacitance of various microstrip-like transmission lines

and coplanar strips with artisotropic substrates for MIC,

electrooptic modulators, and SAW IDT is given in this

paper. Using the formulas presented, the study of prop-

agation characteristics of a variety of structures with aniso-

tropic substratm having an aligned\ tilted optical axis re-

duces to the determination of a single admittance parame-

ter. The characteristics of symmetric stripline, offset strip-

Iirte, suspended stripline, and double-layer rnicrostrip with

anisotropic substrates were presented. It is shown that the

even- and odd-mode phase velocities in the case of

edge-coupled stripline, edge-coupled microstripline, and

broadside-coupled stripline can be equalized by varying the

angle of tilt 0. For the broadside-coupled microstrip with

inverted dielectric, the phase velocity ratio can be increased

by varying the angle of tilt 0. This increase in phase

velocity ratio should be useful in designing high-directivity

forward-wave couplers. The characteristics of the coplanar

strttchn-e for ekxtrooptic modulator applications are

analyzed. More accurate results on the static capacitance of

CXs–SiOz –Si SAW IDT using the optimum charge distri-

bution on the electrodes are presented.
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Loop-Gap Resonator: A Lumped Mode
Microwave Resonant Structure

MEHRDAD MEHDIZADEH, STUDENT MEMBER, IEEE, T. KORYU ISHII, SENIOR MEMBER, IEEE,

JAMES S. HYDE, AND WOJCIECH FRONCISZ

Abstract —Loop-gap resonators are newly developed microwave resonant

structures with a field configuration that is intermediate between lumped
and distributed. Typical characteristic dimensions are of the order of 1110
of the resonant wavelength, and typical Q’s are of the order of 1600-2000
in the frequency range of 1-4 GHz. Data are presented for Q’s and
frequencies for a series of resonators of various dimensions and compared
with theory. Various coupling and frequency tuning techniques are dis-
cussed, and results of experiments are reported. Results of preliminary

application of the stictire in rrdcrowavefilters and oscillators are pre-
sented. Loop-gap resonators provide a useful design aftemative, it is
concluded, to dielectric and surface acoustic-wave resonators at low micro-

wave frequencies.

I. INTRODUCTION AND GENERAL DESCRIPTION OF

THE mSONATOR

A T LOW 17REQUENCY microwave bands of L and

fl S, the choice of resonators presents a problem be-
cause of the large size of resonant cavities and the high loss

of lumped-element circuits. Miniature lumped-element res-

onant circuits were described in [1], which are composed of

an interdigital capacitor and a loop inductor etched on an

MIC substrate. They were designed for X-band frequencies

with a Q of about 700. Here we describe a resonant

structure with a lumped-mode field configuration where
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Fig. 1. The loop-gap resonator and cross-sectional view.

the transmission line between the inductive and capacitive

elements is eliminated; therefore, these elements are in

juxtaposition which results in low loss.

The loop-gap resonator is shown in Fig. 1. It consists of

a conductive cylindrical loop cut by one or more longitudi-

nal slots (or gaps). In this paper, only single-gap resonators

are discussed. The structure is shielded by a conductive

cylinder coaxial with the resonator. The resonators dis-

cussed here are machined from brass stock and silver

plated for better Q. The resonator is supported in position

within the cylindrical shield by the use of a semi-annular

piece of Rexolite and plastic screws.

The electric fields, as shown in Fig. 1, are supported by

the gap with the magnetic fields surrounding the loop. The

conduction current, which flows in a circumferential direc-

tion on surfaces of the loop, transforms into displacement

current in the gap.
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